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The restricted circular three-body problem is considered. In this problem two massive bodies, simulated by point masses with
masses of unity and p, move in specified circular orbits around a common centre of mass, while a third body of small mass, simulated
by a viscoelastic deformable sphere, has no effect on the motion of the first two and moves in a gravitational field generated
by the first two bodies. The scattering of energy when the viscoelastic sphere is deformed leads to the evolution of its orbit and
of the angular velocity of motion. In the development of previous results [1]} a system of equations is obtained taking into
account the second approximation with respect to the small parameter p, describing the total pattern of the evolution of the
motion of the viscoelastic sphere in the restricted circular three-body problem. © 2003 Elsevier Science Ltd. All rights reserved.

Suppose two point masses M and M,, whose masses are equal to unity and p (u < 1), move in circular
orbits under the action of Newtonian gravitation around a common centre of mass O in the OXY plane.
Suppose OM, = b and OM; = pb, while the angle o between the OX axis and the radius vector OM,
of the point M, varies as

@yt 7
a(t)=l—;3—£+a(0), ;=5

where f is the gravitational constant (Fig. 1).

We will further assume that the centre of mass C of the sphere (everywhere, unless otherwise stated,
we have in mind a viscoelastic deformable uniform sphere) of mass m and density p moves in the OXY
plane, and R is the radius vector of the point C. The position of points of the sphere is determined by
the vector field

E(r, ) =R(t)+O(t)(r +u(r,1))

R(t)=% fE(e.npdx, [udc=0, [rotudr=0, dx = dxdx,dx, (1)

and everywhere henceforth, unless otherwise stated, the integration is carried out over the region
V = {r:|r| < ry} in E®, occupied by the sphere in the natural underformed state.

Conditions (1) uniquely define the radius vector R(¢) of the centre of mass C of the deformed sphere
and the system of coordinates Cx1x;x, relative to which the sphere does not rotate in the integral sense
{2]. The operator O(t) = O(¢(?)) determines the transition from the system of coordinates Cx;x,x; to
the system of Konig axes CE&;&,€; and has the form

cos¢ -sing O
O(@)={sinp cosep O
0 0 1

The kinetic energy of the sphere is represented by the functional
_besa o 1o g 1200 s =
T—Ejg pdx = 5 [[OTR+ox(r+u)+u)’pdx; o=qe;, e;3=(0,0,1)
where w is the angular velocity vector defined by the equality @ x (-) = O7'O(").
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Taking conditions (1) into account the functional of the kinetic energy can be represented in the form
of the sum

T=T,+T,+T,
T2=-;—mli2+%]¢2[e3x(r+u)]2pdx, T, = [ (@ey X (r +u),0)pdx, T0=~;—jli2pdx

The functional of the potential energy has the form

fodx whdt g @)

M=- -
jJTR, +0(r +u))? I JR, +0(r +w)?

where
R, =M C=R+ube, R,= M,C=R-be, e=(cosa,sina,0)

%[u] is the functional of the potential energy of elastic deformations, corresponding to the classical theory
of elasticity of small deformations,

i=1 i<j

3 V3
%[u]:ja{(z e,-‘-} -ajy, (eﬁejj—-e,-zj }dx, a>0, 0<aq <3

E(1-V) ,_21-2v) 1 (au,. du; ]
a=—————, g =——", €;== +—
200+ v)(1=2v) 1-v 2

’ 5;7 axi

E is Young’s modulus of elasticity and v is Poisson’s ratio.

Since |Ry| > |r + u| (k = 1, 2), the integrands in Eq. (2) can be expanded in series. Confining
ourselves to terms of the second order in powers of |r + u|/R; and linear in |u|/Ry, where R, =|Ry|
(k = 1, 2), we obtain

n =—f1—;£—E-ﬁ£+—fa—j{(r,u)——3(0"R,0,r)(0'lR|0,u)}pdx+
1 R2 Rl

+ %f?‘ j { (r7 u) _3(0_1R20, r)(O“RzO’ u) }de + Cé[u]
2
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Rk0=Rk/Rk’ k=],2

R =+yR® +2uRbcos®+nu?b?, R,=+vR®-2Rbcos®+b?, R=|R|

where @ is the angle between the vectors OC and OM,.

We will write the equations of motion in the form Routh equations, using the Poincaré-Andoyer
canonical variables, which define the motion of the centre of mass of the sphere and its rotation about
the Cx; axis, and the Lagrangian variables u,(r, t), uy(r, t), us(r, t), which describe the deformations.
Here we will confine ourselves to considering the class of quasi-circular orbits, i.c. orbits with zero
eccentricity. It has been shown [1] that such a class of motions exists.

The Andoyer variable I, equal to the modulus of the angular momentum vector of the sphere about
the point C, taken with a plus sign in the case of direct rotation and with a minus sign in the case of
inverse rotation, is given by the equation

I= V¢T = J{ulp+G*
where

Jlul= les x(r+w)pdx, G“=(e;, [[(r+u)xulpdx)

The length of the vector R and the angle it makes with the OX axis, in Poincaré variables (A, A) for
the class of quasicircular orbits is defined by the following relations [1, 3]

R=A(fn?)!, A=+«
The Routh functional is defined by the equation
R=T,-T, +11
and is represented in Andoyer—Poincaré variables in the form [1]

R=[IA¢Auun0]=
(LA @ Awwa) == ==

—%I a’pdx + H[y, R, ®,B,u] + €[u)

where
R=A(fm?)"!, ®=A-0a, B=A-0¢
HIu, R, ®,B,u] = Fy + [{F (r,u) - F, (£, )&, w) - F[(Ep, r)(E;, w) + (&, )&, )] -
—F,(§,r)(§,,u)}dx (3)
£ =O0'R, = (cosP, sinB, 0), & =0"'e=(cos(B-®), sin(B-P), 0)
F =F(R®), i=0,1,234

The equations of motion of the sphere have the form (everywhere henceforth the subscripts ¢, B, A,
etc. denote partial derivatives with respect to the corresponding variables)

l=_%¢=—HW=HB’ A=_%}\=—HA.=_H®_HB

2,3 2,3 u
_0y _ f'mt @y o -%:fm—I-G+H 4
PSR B=Rp-%R, A )

A4’ A J{u}
I[(—%Vﬁ%+vu%+V(,D+)\,)Su+)\2rotﬁu]=0, Vou e (W, (V))’

=iy

Here (Wi(V)) is the Sobolev space, D[i] = x€[u] is the dissipative functional and > 0 is the coefficient
of internal viscous friction (the Kelvin—Veight model). The last equation is written in the form of the
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d’Alembert-Lagrange variational principle and contains two undetermined multipliers A(¢) and Ax(¢),
generated by conditions (1).

We will assume that the lowest frequency of natural osc111at10ns of the sphere is much greater than
the angular velocities ® and o;. This means that, by an appropriate choice of the scales of the dimensional
quantities, the numerical Value of the elasticity modulus of the material of the sphere E will be high,
while the parameter ¢ = E™! is small.

If € = 0, we have u(r, r) = 0, and Eqs (4) will look as follows:

. . . . (D
1=0, A=-Fe, B=0,-0+Fy,, q):wz'l—:;*’%/\ (5)
where
1 2m? /f
= e W, = , W =_]-7%
W, A 2 A2 3 b3 (6)

and A is the moment of inertia of the undeformed sphere about the Cx; axis. Equations (5) described
the motion of the sphere as a rigid body in the classical restricted three-body problem in the class of
quasi-circular orbits.

If € # 0, according to the method of separation of motions [2] after the natural oscillations of the
sphere have decayed, the solution u(r, ¢) is sought in the form

u(r,t) =euy(r,0)+...

The function u,(r, #), obtained earlier in [1], can be represented in the form of the sum

up =uy)Fuy g ™)
where
u =—Epw2[dr2+d]r u =—1—pw2u u z(l—xi)u
n=-3P0i4 210 Uy = 3P0, Wi g e
u,jo=a,(Bj_l,r,r)r+a2rsz_,r+a3Bj_lr, j=23
Here
(1+v)(1-2V) G-v)1-2V)
d =————=, d,=-"—"———y
VT T@o3y) T 243w 8)
1+v A+v)2+V) (1+v)(2v+3) ,
- =—-——-—’ e tsseneaell £
QST @ sve1 0 BT sye7 0 ©)

=diag{l,1,-2}, By =|b; |l ;=123

b, = -;-[F, +(-1)*! (F, cos 2B +2F, cos(2B - @) + F, cos(2B-2d))], i=1,2
(10)
by =by = -21—[F2 sin2f + 2K sin(2f - @) + F, sin(2f - 29))
byy =—F, b3 =by=by=by=0
The matrices of the operators By and B, are symmetrical matrices with zero trace, where
Byr =—Fr+ F(§, )& + F(§p,r)§; + (&, )€1+ Fy(§,,r)§, (11)
B] =B,, twB, =-3FK+F+2Fcos®+F, =0
The function u,; is represented by the first two terms of the power series in %, assuming that |y, | < 1

(k = 1, 2, 3). Differentiation with respect to time in the expression for the function u,; is carried by
virtue of the “unperturbed” system (5).
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The solution u = gu; = £(uy; + uy; + uy3) describes forced oscillations of the sphere. According to
the asymptotic method of separation of the motions it is further necessary to substitute this solution
into the right-hand sides of Eqs (4), first linearizing them with respect to u and u. Note that the functional
H, defined by (3), according to expressions (11) can be represented as follows:

H = Fy - [(B,r,u)dx

The system of equations describing the translational-rotational motion of the sphere, taking into
account the perturbations connected with the elasticity and dissipation, then takes the form

I=-| (er,eu,)dx, A ==Fyo + [(Bygr,eu;)dx + [ (Bygr, €u, )dx

—+ Fop — [(Bypr.Emy)dx (12)

®=0,- 1+u

B=w, -0, +—}(e3,j'rxei1,pdx)+ Fyp = [ (Byar,euy)dx +
+2IA72 [[(r,€u,) - (e5,T)(e, e, )lpdx

The function uy is defined by (7).

The next step is to evaluate the triple integrals over the region I on the right-hand sides of Eqs (12)
and obtain a closed system of ordinary differential equations in the variables I, A, ® and . We will
formulate assertions which enable this procedure to be simplified considerably.

Lemma 1. If Bisa symmetrlcal matrix with zero trace, the elements of which are independent of r,
and u = k(dyr* + dy)r (k is a certain multiplier which is independent of r, while the constants d; and
d, are defined by (8)), then

[ (Br,u)dx =0

Lemma 2. If Band C are symmetrlcal matrices with zero trace, the elements of which are independent
of r, and u = k[a,(Cr, r)r + a;r’Cr + a;Cr] (k is a certain factor independent of r, while the constants
ay, a, and as are defined by (9)), then

41tr0 (+Vv)9v+13)
105(5v+7)

[(Br,u)dx =kD, t{BC), D, =

where tr[BC] is the trace of the product of matrices B and C.
Lemmas 1 and 2 are proved by direct evaluation of the integrals over the sphere.

System of equations (12), after the above calculations have been carried out, can be represented in
the form

[ =exD,{T**B, + T?d, + TPAA,)

A=-I+ {—FO +eD,p@?F, + —;-GDZT} —&xD, (T™B, + T*®®, + T*A,)
[
d=q,- %+ {Fo -eD,pw?’F - EaDZT} +exD, (TP, + TA®®, + TMA,) (13)
] A
B=w, - + {Fo -eD,pw?F — %eDzT} +exDy TR, + TA%D, + TA A, ) +
A

+2€P‘X2‘{'59‘°12(2D1 +Dy)+ Dyl R — X Fo®. —XﬁAAt]} (14)
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Here
8y (1-2V)

. - (D3 0 _ _
B, =0, — @) + Fyy, q’*:“’z'm*'ﬁ)m A=-Fe, D= 105

T=u[B}], T% =u[ByByl T*®=t(ByB] ectc

Using formulae (10), we obtain
T =2[3F +(F2 - F,F,)sin® @]
T8 = 2[9F? + 4(F} - K, F,)sin’ ®)
T = (2R Fo - FFo + FFio - FiFio)sin®+2F] +
+(FyFyqp — FyFrg)sin 2@ + 2 Fy (Fy cos® + Fy cos 20) + 4F} +6F,F, cos®)
TP = (2R Ry - BFp + BFy — Fifay)sin® +(FFy, — FyFyy)sin29]

1 1
T® =%(F,,,,)2 +-2—(F20)2 +2(Fe) +-2—(EN,)2 +2F +2F +

+2Fyp(F; cos @)g + Frg (Fy cos2®) g +2Fyq(Frp cOSP + 3 sin®)+
+4F(Fcos® - Fg sin®)

1
T =2 Fohiy + 2 FrofFon +2FoFn +5 Fiofun + (FaoFin + FonFig)cos®+
+2 (FaoFun + FoFs)c0s20 4 Fsin®(Fyy = Fyp) + (BoFay + FonFig)cos®
=2F,sin®(F,, cos® + F,,)

3 1 I
T =5(F.A)2 +5<Fz,\)2 +2(F)’ +—2-(F4A)2 +
+2(F A Fp + FpFyp)cos @+ Fy Fyy cos 20

The functions F;(i = 0, 1, ... , 4) depend on the variables A and @ and are independent of the variable
B. Hence, the right-hand sides of Egs (13) and (14) are also independent of the variable 3. System of
equations (13) is a closed system of ordinary differential equations in the variables /, A and @, containing
the small parameters € and p, while Eq. (14) is separated from system (13) and can be integrated after
determining the functions /, A and ® (as functions of time) from system (13).

We will further consider system of equations (13) as a system with a small parameter u for a fixed
value of the parameter .

When p = 0 we obtain

1 =18exD,p 03 (0, - 0,), A=-18eyD,p’wi(®, - w,) (15)
D =, - 0, +6eD,p’ A 02 (@F +603) (16)
The quantities ®;, ®; and w; are defined by formulae (6). Note that the right-hand sides of Egs (15)
and (16) are independent of the angular variables.
The solution of system of equations (13) will be sought in the form [4]
[=J,+uNy + 1N+, A=Jy +pNy + PNy +...
O=y+uM, + 1M,y + (17)

where the function Ny = Np(J, ¥), M, =M (J,w) (i = 1,2,k = 1,2, ...) are 2n-periodic in the variable
y and have zero mean with respect to this variable, and J = (J,, J5).
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As a function of time, Jy, J5, ¥ are given by the differential equations
Jy = A () + pA (D) + R A (D) +...
Iy = Agy(J) + Ay (J) + 12 Ap (J) +... (18)
V=) +uB () + B () +...

We will expand the functions Fi(i = 0, 1, ... , 4) in series in powers of the small parameter p. Confining
ourselves to terms of the second order of smallness in 4, we obtained

Fy=wo +W fo. F=fio+ W +02fa. B = foo + 1o +12 S
K =pf, +u2f32. Fy =Wy +H2ﬁa2
where

Jor = Awy(gcos®—p), fo =i\_;‘)142(1 ~3cos’ @)

3pw?

fio =pw3, f =pwi(p’-3qcos®), f,= ¢*(5cos* ®-1)

15002
Fio =3p02, fo =3pwi(p® - Sqgcosd), f22=—%—2q2(7coszd>—1) (19)

f1=3pw3g(1-p°), f, =~15p@3q’ cosd
fu = 3P“’§¢12P5’ o= :‘367“‘)%412

2/3
b (o, fm®b 1
q=—= —_— = 7 p: >
A Jl—2qcos<b+q

Substituting expansions (17) and (18) into Eq. (13) and equating coefficients of like powers of the
small parameter [, we obtain a system of equations which determines the unknown functions A, A,
By, Ny, Noy, My (k = 1, 2, ...). The functions Ao(/), A2(/) and w(/) of the zeroth approximation in
the small parameter p have the form

Aio(J) = Ay (J) = 18exDyp’ 0} (0, - ;)
o(J) = ©, - 03 +6eD,p° A w3 (@? +6003)

where the variables / and A are replaced by the variables J; and J, respectively in the expressions for
; and w,.

The system of differential equations of the zeroth approximation with respect to the small parameter
u in the variables J, and J5 has the form

Jy=Ap(). Jy=Ayn(J) (20)

and describes the motion of a sphere in a central Newtonian force field in the class of quasi-circular
orbits (the class of motions when the rotation of the sphere occurs about the normal to the plane of
the orbit is considered). System of equations (20) has an asymptotically stable stationary solution,
corresponding to gravitational stabilization of this sphere in a circular orbit with centre at the point O
(which coincides with the point M, in the zeroth approximation with respect to ). The radius Ry of
this orbit is given by the system of equations

W+, =Gy, J1A=fPm103 (1)

Here Gy is the angular momentum of the sphere about the point O, which remains unchanged in the
zeroth approximation with respect to the small parameter p. When the inequality
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Go >%(3Af2m3)l/4

is satisfied, system of equations (21) has two solutions (/y1,J21) and (J12, /23) (/21 < J2;). The asymptotically
stable stationary solution of system of equations (20) corresponds to the larger value J,,. Hence

Ry=f'm’1J3

In the p-neighbourhood of this stationary solution, it is necessary to take into account the following
approximation with respect to p in expansions {18). Assuming

Ap(J) = ExpAy(J), Agy(J) = —expdy(J)

we will write the system of equations which determine the unknown functions Ay;, 45, Nq;, N,y and
M, of the first approximation with respect to the small parameter p

A+ N0 =gxD, (183 for2 — frofar SinY + fyo fyy sin 2y) (0, - w3)}

Ay + Ny ={-fo, +€D, @}, -

~exD, (18£i5.for.2 = oo 31 SINY + fio fog 5in 29), (0, - ©3)) (22)

B+ M,0 =@ Ny + @ Ny + 03 +{fyy —eD, Q) , +

+€xDy fr0,2(2 ;1 = fur sin® W@ ~ @3) =6y (fio2)'}y
where

Q) =PW; iy +3fi0(2f;1 - fusin’ y)

while in the functions fj, the variables A and ® are replaced by the variables J; and y respectively. The
subscript i (i = 1, 2) after the comma denotes a partial derivative with respect to J;: fo; 2 = 9fy/0/5, etc.

The functions A; and A4, of the first approximation with respect to the small parameter y, which
define the evolution of the action variables, have the form

Ay =18-D""exDy fis( fonn)s i=12

where

R _ __1_2" I—gcosy
('>—-2—n(f) Oy, (for2) =20,a(9), alg)=—~ (f) (- 2gcosy+g7" dy

When g = 1 the integral defining the function a(g) diverges. When ¢ < 1, i.e. for outer orbits of the
sphere, the function a(q) takes positive values, and when ¢ > 1, i.c. for inner orbits of the sphere, the
function a(q) takes negative values.

Approximate equations describing the evolution of the variables I and A, taking into account terms
of the first approximation with respect to the small parameter y, have the form

J; = 18- exDp’ 03 { (0, — @)+ 2uw,a(g)}, i=12 (23)

It follows from system (23) that J; + J, = 0, i.e. the angular momentum G, about the point O is also
conserved in the first approximation with respect to the small parameter pi. System of equations (23),
like system (20), possesses an asymptotically stable solution, corresponding to the motion of the sphere
for which its centre of mass moves in an orbit of radius R;, which differs from Ry, with angular velocity

©, =W, (1+2pa(q)) (24)

It follows from the properties of the function a(g) and from the fact that in Eqs (23) the angular
momentum G, is conserved, that the stationary orbit of radius R, is shifted only slightly with respect
to the orbit of a body of mass u compared with the orbit of radius R;, obtained in the zeroth
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approximation with respect to the small parameter u. Hence, at the first stage of the slow dissipative
evolution, which occurs at a rate of expu, the radius of the quasi-circular orbit of the sphere, which is
inside the orbit of the body of mass p, increases, while the radius of the quasi-circular orbit of the sphere,
situated outside the orbit of the body of mass y, decreases, tending to its new stationary value R;.

When the sphere moves in an orbit of radius R; with an angular velocity given by expression (24), a
further loss of energy occurs. In the u? nelghbourhood of this attractor the following approximation
with respect to u must be taken into account in expansions (18).

Assuming

Ap(D)+ Ay () = (1) expA()), i=1.2

we obtain the sum of the functions A15(J) and 45 (J) of the second approximation with respect to the
small parameter p; this sum defines the evolution of the kinetic moment G. The corresponding equation
of the second approximation has the form

Ajy + Ayy +(Ny g + Ny DA +(Nyy 2 + Ny ) Agy +(Nygy + Nyyy By +(Npgy + Nppy J0 =

=—(for —€D,Q) )y My — (for —€D2 Q) )y.2 Ny + (€D, Q1) 1 Ny -

-eXDy{ fon 2 M2 foo f31 SIN Y + fro far Sin 2V}, + (— fro + €D, Oy )y +

+eXD, {2 fo f31 SINY + fro far SIN2W)y for 2 + fa0.2 Sy (211 = far sin” yl, } - (25)

3 1 ’ 1
‘EXDz{E(fuw)z + 5 Uny) 420y + 5 faay)’ + 25+ 205+ fony QU cos )y +
H fa cos2w)v)+2ﬂ,w(f3w cosy + fy siny) + 4 £, (fi; cosy ‘f3w sin y)Hw, - w;)

where

0, = P00} fiy +3£3 +6fiofin +(f3 - faoSiz = Funfur)sin® v

while in the functions f; the variables A and @ are replaced by the variables J, and y respectively.
Since the average of the functions Nj; is equal to zero, to determine the sum of the functions 4,(/)
and A,,(J) it is necessary to average the right-hand side of (25) with respect to the variable .
Terms on the right-hand side of (25), containing coefficients of the function of the first
approximation Ny;, N7y and M, can be converted as follows:

(UVV> = —(UN\y)

Hence, expressing the derivatives Ny, Nayy, My, of the system of equations of the first approximation
(22) and taking equalities (19) into account, we obtain

Ay, + Ay, = 18exDyp w3b(q)

where

b(g) = (q,¥)+ (g, W)+ h3(q, W) - hy(q, V) - s (g, ¥))
q312 3q3/2
hl(%\V)=:1‘3‘—'I 2a/(q, )+ =7 e (qcosw p)la(g) - a(q, ¥)}

a(q,y)= P3(1 —qgcosy)-2gcosy
3/2

h(q.y) = {40,(q,\|l)+ (qCOS\I’ P)}{542P7(1 gcosy)sin’ y +

+q(1—p5)cosw+q p” cos2y}
hy(q. W) = 6¢*(1- p*){2(1- p° - gp® cos ) + 5¢° p” sin® w}sin® y
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1247 :
h(q,¥)= q—y%—_qu(l -p’)sin*y

5
hs(q,\v)=(l—q‘3’2)k§l 8 V)
&alg.¥)= i-qz{3(1 ~ ) +25(1- p7)? +100¢%p" +25¢* p"*}sin v

(g W)=q"(1-p°) +¢*p"°

&g )= 5¢*(1- p"Mgp’ (5p* ~2)cosy+ p° —1-%4%p’ cos2y}sin® y
24(q. W) =-5¢"p"(5gp" cosy +1- p*}sin® y

85(q: W) =24’ p*{(1- p*)cosy - 5gp” sin” )

Graphs of the function b(g) for g < 1 and g > 1 are shown in Fig. 2. For g < 1 (for outer orbits of
the sphere) the function b(q) is positive, and for g > 1 (for inner orbits of the sphere) it is negative.
At the second stage of the slow evolution the following relations hold

L =AU o), JE = fimPbg™ +O(u)

from which we obtain, apart from small terms of the order of y, a relation between the average value
of the kinetic moment Gy = J; + J, and g in the form

Go(q)=m(fb/q)1/2 +Af”2(b/q)—3/2, q<q‘ =bml/2(3A)—|/2 (26)

The value of g must be chosen to be less than g* (¢* is the point where the function G(q) is a minimum),
which corresponds to a stable circular orbit of large radius in the unperturbed problem when pu = 0.
Relation (26), together with the equation of the second approximation

Gy = 18exn? Dyp% w03 (9)b(q) (27)

determines the evolution of the average angular momentum of the sphere. The function Gy(g) and the
inverse function g(G) when g < g* are positive and decrease monotonically. It follows from Eq. (27),
taking (26) and the properties of the function b(g) into account, that the average angular momentum
Gy increases for the outer orbits of the sphere and decreases for the inner orbits. We can conclude from
the form of the relation g(G) that the radius increases monotonically for the outer orbits and decreases
monotonically for the inner orbits.

The results obtained using the approximate equations hold for ranges of variation of the radius of
the quasi-circular orbits, with the exception of the neighbourhood of the point b, in which libration points
occur, since in this case the procedure of averaging over the fast angular variable @ and expansion in
series of one of the gravitational potentials turns out to be incorrect.

100 0 [ \ -50

) j/ \\ -
0 b ~150

02 0.4 0.6 1 2 3 4 q

Fig. 2



Slow dissipative evolution of the motion of a viscoelastic sphere 755

In conclusion, we note that the nature of the evolution of the quasi-circular orbits of a viscoelastic
sphere obtained above agrees with the theorem of the variation of the generalized energy in a uniformly
rotating system of coordinates in which the attracting centres are fixed.
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